The main combinatorial result in this article is a classification of bar partitions of n which are of maximal p-bar weight for all odd primes p ≤ n. As a consequence, we show that apart from very few exceptions any irreducible spin character of the double covers of the symmetric and alternating groups vanishes on some element of odd prime order.
Introduction
A well known result by Burnside states that any non-linear irreducible character of a finite group vanishes on some element of the group. This was refined in [9] , where it was shown that such a character always has a zero at an element of prime power order; it had also been noticed in [9] that any non-linear irreducible character of a finite simple group except possibly the alternating groups even vanishes on some element of prime order. In [5] it was then shown that this character property also holds for the alternating and the symmetric groups. Indeed, this vanishing property was a consequence of a combinatorial result on the weights of partitions. Here, we prove a corresponding vanishing property for irreducible spin characters of the double covers of the symmetric and alternating groups on elements of odd prime order; this is obtained from a result on bar weights of partitions into distinct parts. The elements of odd prime order p which we are going to use in the double coverS n of the symmetric group S n are those of maximal p-bar weight, i.e., the corresponding cycle type has n p parts of size p. (Here · denotes the floor function. Thus x is the integral part of x ∈ R.) An extended abstract for this paper appeared in the Proceedings of the FPSAC'06 conference. 0 Key words: bar partitions, bar cores, bar weights, symmetric group, alternating group, spin characters, character zeros
For n ∈ N, we denote by D(n) the set of partitions of n into distinct parts, and we set D = n D(n). Now consider a partition λ ∈ D(n), also called a bar partition. For a given integer r ∈ N, we denote by w r (λ) the r-bar weight of λ, i.e., w r (λ) is the maximal number of r-bars that can successively be removed from λ. The resulting bar partition after removing this maximal number of r-bars is then the r-bar core (orr-core) λ (r) of λ (see [7] or [12] for details). In this paper, we will only deal with the case where r is a prime number p. In the main result we classify the bar partitions of n which have maximal p-weight n p for all odd primes p ≤ n.
We denote by O(n) the set of partitions of n into odd parts; elements ofS n whose image in S n has cycle type in O(n) are said to be of odd type (or of type O). We now describe the connection to the vanishing of spin characters on elements of odd type. The irreducible spin characters ofS n are labelled by the bar partitions λ of n (and signs). The recursion formula given by Morris [10] for spin character values on elements of odd type inS n shows that an irreducible spin character labelled by λ vanishes on a p-element of maximal weight (where p is odd), if thep-weight of λ is not maximal (or equivalently, thep-core of λ is not small, i.e., has size at least p). Note that the spin character values occur as factors in the coefficients of the expansion of Schur Q-functions Q λ into power sum functions p α , where λ ∈ D(n) and α ∈ O(n), so the vanishing of the spin character values is connected with the support of this expansion. For p = 2, suitable notions to consider are the4-weight and the4-core of λ, respectively, which are computed using the4-abacus with one runner for the even parts, and two conjugate runners for the parts ≡ 1, 3 mod 4; this fits with the distribution of spin characters into the 2-blocks ofS n (see [3] ).
Our main result is the following: Theorem 1.1 Let λ be a bar partition of n ∈ N. Then the following holds: w p (λ) = n p for all odd primes p ≤ n if and only if λ = (n) or λ = (n − 1, 1), where n = 2 a + 2 for some a ∈ N, or one of the following occurs: n = 5 : λ = (3, 2) n = 6 : λ = (3, 2, 1) n = 8 : λ = (5, 2, 1) n = 9 : λ = (4, 3, 2) n = 10 : λ = (4, 3, 2, 1) or (7, 3) . 2) , then λ = (n) with n ≡ 3 mod 4, or λ is one of (3, 1), (3, 2, 1), (4, 3, 2, 1).
If, in addition, also the4-core of λ is small (i.e., it is of size smaller than
The combinatorial classification result has the desired consequence for the spin character zeros; before stating this, first we have to introduce some more notation.
is even (or odd, resp.). We denote by µ the irreducible spin character ofS n corresponding to µ ∈ D + (n), and by µ + , µ − = sgn · µ + , the irreducible spin characters ofS n associated to µ ∈ D − (n). Furthermore, we let µ denote the irreducible spin character ofÃ n corresponding to µ ∈ D − (n) (which is the reduction of µ ± ), and µ ± the irreducible spin characters of A n associated to µ ∈ D + (n) (which are conjugate and sum to the reduction of µ , and which differ only on the critical classes of cycle type λ ∈ D + ). We refer to [7] for further details on the irreducible spin characters ofÃ n . A special rôle is played by the basic spin characters ofS n andÃ n ; these are the spin characters labelled by the bar partition (n), i.e., n (±) and n (±) . On an element of type α ∈ O(n) the basic spin character n (±) has the value 2
(similarly for the basic spin characters ofÃ n ); hence the basic spin characters do not have any zeros on elements of odd type. We will thus only consider non-basic spin characters. Theorem 1.2 Let n ∈ N, n ≥ 4. Let χ be any non-basic irreducible spin character of a double coverS n of the symmetric group S n or a double coverÃ n of the alternating group A n . Then χ vanishes on some element of odd prime order, except if χ is labelled by (n − 1, 1) with n = 2 a + 2 for some a ∈ N, or by one of the partitions (3, 2), (3, 2, 1) or (5, 2, 1).
Proof. For the spin characters ofS n , this follows from Theorem 1.1, after checking that the spin characters for the other exceptional partition labels for small n, i.e., (4, 3, 2), (4, 3, 2, 1), (7, 3) , indeed have zeros of odd prime order; in fact, they vanish on elements of cycle type (3 For the spin characters ofÃ n , we now discuss how to deduce the result from the one above. Let λ ∈ D(n), not one of the exceptional partitions in Theorem 1.1.
, so again λ = α and the spin characters λ ± vanish on σ α .
Remarks 1.3 (i)
If an irreducible character χ of a finite group G has a zero at an element of prime order p, then p divides χ (1) . Note that the irreducible spin characters ofS n and A n of prime power degree have been classified in [4] ; from Theorem 1.2 we can immediately recover the classification of irreducible spin characters of 2-power degree for these groups. In fact, here they are exactly those that do not have a zero at an element of odd prime order. The converse of the statement above does not hold, even for G =S n . The spin character 8, 4 is of degree 5280 = 2 4 · 3 · 5 · 11, but the character does not vanish on any element of order 3.
(ii) Any irreducible spin character ofS n vanishes on the classes which are not of type O(n) or D − (n) as these do not split inS n ; in particular, for all n ≥ 4, these characters do always have (trivial) zeros at all elements of order 2. The even elements of order 2 are also zeros of the irreducible spin characters ofÃ n .
Note that there is a simple relation between thep-weight of a bar partition λ and the defect of the spin p-block containing the irreducible spin character(s) of S n or A n labelled by λ (see [12] ). For a prime p ≤ n, the basic spin character(s) ofS n orÃ n are contained in one p-block which we call the basic p-block ofS n orÃ n , respectively. The following is then another direct consequence of Theorem 1.1 (note that for a > 2 the spin character to (2 a + 1, 1) is not in the basic p-block for any odd prime p not dividing n and n − 1). As mentioned above, the 2-block distribution of the spin characters was determined in [3] . Employing this, we immediately obtain the following result forS n (a corresponding result also holds forÃ n ): Note that the statements on the basic blocks in the second part of Corollary 1.4(i) and in Corollary 1.5(ii) were also obtained in [2] .
The paper is organized as follows. Section 2 contains some results on bar lengths. In section 3 we consider bar partitions of maximal bar weight. We will use suitable algorithms to generate "large" first row bar lengths in the bar partitions under consideration. The final section contains the proof of the main result.
Bar lengths of bar partitions
We refer to [8] , [12] , [7] for details about partitions, Young diagrams, hooks and bar partitions, shifted diagrams and bars, respectively. Consider a partition λ = (λ 1 , λ 2 , . . . , λ l ) of the integer n. 
The removal of a p-bar from λ ∈ D(n) corresponds to taking a part p or two parts summing to p out of λ, or subtracting p from a part of λ if possible (i.e., if the resulting partition is in D(n − p)). Doing this as long as possible gives thep-core λ (p) of λ; the number of p-bars removed is then the p-bar weight w p (λ) of λ (see [7] or [12] for details). These operations may also be performed on a suitablep-abacus.
Example. Take p = 3, λ = (7, 3, 2, 1). Removing a bar of length 3 from λ can be achieved by removing the parts 2 and 1 from λ, or by removing the part 3, or by replacing 7 by 4. When we do this in succession, we have reached the bar partition (4), from which we can remove a further 3-bar and thus obtain (1) = λ (3) ; the3-weight of λ is 4.
We will often make use of the following property of the p-bar weight of a partition (see [11] , [12] ); the Lemma may easily be proved by considering thep-abacus (see [12] ). This is used to prove some easy but crucial results about bar lengths (compare this with [4] where a similar Lemma for hook lengths is used).
As mentioned before, for p = 2, a suitable parameter to consider is the4-core of λ which is computed using the4-abacus with one runner for the even parts, and two conjugate runners for the parts ≡ 1, 3 mod 4; in contrast to thep-abacus for odd p, here we are allowed to subtract 2 from the even parts (so these will be removed when computing thē 4-core).
From now on, λ = (λ 1 , . . . , λ l ) is always a bar partition of n, of length l. The following easy proposition will often be useful. Note that the first row bar lengths of λ can explicitly be given (see [12] ); the set of these numbers is
In particular, the largest bar length in λ is λ 1 + λ 2 (which also follows easily from the definition).
We also recall a useful result due to Hanson:
The product of k consecutive numbers all greater than k contains a prime divisor greater than 3 2 k, with the only exceptions 3 · 4, 8 · 9 and 6 · 7 · 8 · 9 · 10.
We can now deal with the "bar case" in analogy to dealing with the hook case first in the situation of partitions. We call a bar partition λ a bar if l(λ) ≤ 2.
for all odd primes p ≤ n if and only if one of the following holds:
(ii) k = 1 and n = 2 a + 2 for some a ∈ N 0 , i.e., λ = (2 a + 1, 1).
(iii) λ is one of (3, 2), (7, 3) .
If, in addition, also the4-core of λ is small, then λ = (n) or λ is one of (2, 1), (3, 1) .
Proof. One easily checks that all the partitions listed in (i)-(iii) have the stated property. For the converse, we may assume k > 0. The two largest bar lengths in the first row are b 1 = n and b 2 = n − k. For k ≥ 3, consider the following product of "missing" first row bar lengths:
This has k − 1 factors, all greater than n − k > k, hence by Theorem 2.3 one of these factors has a prime divisor q > 3 2 (k − 1), except if (n, k) = (10, 3) (note that the possibilities (5, 3) and (11, 6) do not occur as we are assuming k < n−k). As k ≥ 3, we then have such a prime divisor q > k = n − λ 1 , except when (n, k) = (10, 3), and indeed this gives one of the exceptional partitions listed in (iii). As λ is of maximalq-weight, Proposition 2.2 implies that all multiples of q which are at most n are first row bar lengths in all other partitions with k ≥ 3, giving a contradiction. For k = 2, the partition λ = (3, 2) is an exception, as listed in (iii). If λ = (3, 2), then π 1 = n − 1 and π 2 = n − 4 are missing bar lengths in the first row; note that n > 5, thus n − 4 > 1. Now one of the numbers π 1 , π 2 is odd, hence has a prime divisor q ≥ 3. But then, using Proposition 2.2 again, we obtain a contradiction. It remains to consider the case k = 1. Then only the bar length n − 2 is missing in the first row; if this has an odd prime divisor, we get a contradiction as before. Hence the only possibility in this case is that n = 2 a + 2 for some a ∈ N 0 . If we now assume that in addition the4-core of λ is small, then one easily sees that only the partitions (n) and (2, 1), (3, 1) remain. 
Lemma 2.5 Let λ ∈ D(n). Let s be a bar length of λ with
The final assertion follows using the same inequality. is not a first row bar length, then by Lemma 2.5 we have only two larger bar lengths, thus we are in the situation where there are only three primes, and these have to be the numbers λ 1 + λ 2 , λ 1 + λ 3 and λ 2 + λ 3 . But these three numbers can not all be odd, giving a contradiction. Hence all the bar lengths ≥ n 2 are first row bar lengths.
Forcing large bar lengths
We can now use a similar procedure as in [4] to force the bar partitions under investigation to have large bar lengths in their first row: . We now assume the assertion up to i.
and hence by Proposition 2.2 s i+1 (or t i+1 , resp.) is a first row bar length of λ.
Now we can use a similar strategy as in [1] . When we can show that there are sequences as in Proposition 3.1 such that t r comes "close" to n, then the largest bar b 1 of λ has length "close" to n, and thus λ is "almost" a two-part partition. We use a greedy algorithm to check for suitable sequences. Start with two large primes s 1 < t 1 close to n. [1] we already know that for very large n this algorithm indeed terminates quite close to n. To state the precise result, we first recall some notation from [1] .
Suppose that n ≥ 3 is a positive integer. Consider two finite increasing sequences of integers {A i } and {B i } which satisfy the following properties:
(i) A 1 < B 1 ≤ n are two "large" primes.
(ii) For every i, we have A i < B i ≤ n.
are integers not exceeding n each with a prime factor exceeding 2n
Then denote by A(n) (resp. B(n)) the largest integer in such a sequence {A i } (resp. {B i }).
For n in a large range it was already checked (by computer) for the proof of the classification result in [1] that the algorithm ends very close to n, more precisely, we have:
, then there is a pair of sequences {A i } and {B i } as above for which n − B(n) ≤ 4.
For sufficiently large n we have the following result from [1] : (ii) For n > 9.25 · 10
So we still have the tasks to reduce 225 to some manageable number when n is large, and to deal with the cases where n − b 1 ≤ 4 (and n is arbitrary) or where n − b 1 is bounded by some reasonably sized number (when n is large).
For a positive real number x, define π(x) by
We need a crucial number-theoretic Lemma for reducing d = n − b 1 and k = λ 2 − λ 3 − 1; a similar result was already used in [5] but it has to be adapted for the purposes here. (this is known to be bounded by n). Equivalently, (r − π(cr)) ln(n) < r ln r .
Note that for c as chosen above, r > π(cr) for the corresponding ranges of r. Hence, if the assumption holds then
.
But computing the maximum of the function on the right hand side in the given region (e.g. with Maple) shows that for n > 5.5 · 10 8 this does not hold (in fact, the lower bound for n can be chosen slightly smaller for the lower ranges of r). Hence the Lemma is proved.
For later reference we state the following consequence of the Lemma above: 
Proof of the main result
Because of Proposition 2.4 we always assume in this section:
Also, the Theorem is easily checked by hand for n ≤ 28, so we may assume that n ≥ 29 when needed.
We use the following notations: 
Proof. (1) follows from the definitions, and then (2) follows from (1) . (3), (4) follow also easily from the definitions.
In addition to the assumption that λ is not a bar, we now make the assumption λ is of maximalp-weight for all odd primes p ≤ n.
We define the products d + 1.
Proof. (1) For k ≤ 1, there is nothing to prove. Now assume k > 1. Since b 2 ≥ k + 4, Theorem 2.3 shows that one of the k factors in π 2 has a prime divisor q > 3 2 k, or we are in one of the listed exceptional cases. We show first that none of these can occur.
Then λ = (6, 4, 1), but this is not of maximal3-weight, giving a contradiction. Now let q be a prime divisor of π 2 ; then there has to be a q-bar in µ. Thus, using Lemma 4.1 (3) we obtain We now want to show that we can reduce to small d in all cases, i.e., we want to prove 
Furthermore, we have the missing first row bar lengths π 1 = n and b 2 + 1, . . . , b 1 − 1 = λ 1 + 2, . . . , n − 2, when k > 0.
When k = 0, µ = (2, 1), which has the bar lengths 3, 1 2 , so two missing first row bar lengths have to be 2-powers; note also that n ≥ 6. We consider the missing first row bar lengths n and n − 5, n − 4 in λ. But then we can only have n = 6 or n = 8. For n = 6, we obtain the partition (3, 2, 1), for n = 8, the partition λ = (5, 2, 1) which are both on our list of exceptional bar partitions in Theorem 1.1. When k = 1, µ = (3, 1), which has the bar lengths 4, 3, 1 2 ; note that n ≥ 8. Thus only one missing first row bar length of λ can have an odd prime divisor (namely 3), and all others have to be 2-powers. But the largest missing first row bar lengths are n, n − 2 and n − 5, and these can not satisfy this condition. When k = 2, µ = (4, 1), with bar lengths 5, 4, 2, 1 2 , so again only one missing first row bar length of λ can have an odd prime divisor (here, 5), and all others have to be 2-powers. Here, n ≥ 9 and we consider n and n − 3, n − 2. But we notice that no two of the three numbers n, n − 2, n − 3 can be simultaneously 2-powers. When k = 3, µ = (5, 1), with bar lengths 6, 5, 3, 2, 1 2 , so two missing first row bar lengths of λ can have an odd prime divisor 3 and one missing first row bar length has the prime divisor 5, and all others have to be 2-powers, in particular, at least three missing first row bar lengths have to be 2-powers. Here, n ≥ 11 and we consider the missing first row bar lengths n, n − 4, n − 3, n − 2 and n − 7. None of n, n − 2, n − 4 can be 2-powers, as then none of the other four numbers can be a 2-power; thus, n − 3 and n − 7 have to be 2-powers, implying n = 11, which gives a contradiction. When k = 4, µ = (6, 1), with bar lengths 7, 6, 4, 3, 2, 1 2 , so two missing first row bar lengths of λ can have an odd prime divisor 3 and one missing first row bar length has the prime divisor 7, and all others have to be 2-powers, in particular, at least four missing first row bar lengths have to be 2-powers. Here, n ≥ 13 and we consider the missing first row bar lengths n, n − 2, n − 3, n − 4, n − 5 and n − 8. But it is impossible that three of these numbers are 2-powers. When k = 5, µ = (7, 1), with bar lengths 8, 7, 5, 4, 3, 2, 1 2 , so at least five missing first row bar lengths have to be 2-powers. Here, n ≥ 15 and we consider the missing first row bar lengths n, n − 2, n − 3, n − 4, n − 5, n − 6. But it is impossible that three of these numbers are 2-powers.
Furthermore, we have the missing first row bar lengths n, n − 1 and b 2 + 1, . . . , b 1 − 1 = n − 2 − k, . . . , n − 3, n − 4 − k, n − 7 − k and n − 9 − k when k > 0. Note that if k is odd, then we have (k + 5)/2 each of missing first row bar lengths congruent to n and n − 1 mod 2, respectively, if k > 0 is even, then we have k/2 + 2 and k/2 + 3 missing first row bar lengths congruent to n and n − 1 mod 2, respectively.
For k = 0, µ = (3, 2) with bar lengths 5, 3, 2 2 , 1, so at least three of the missing first row bar lengths n, n − 1, n − 4, n − 3, n − 8 are 2-powers. But this is only possible if n = 9, and this gives the bar partition λ = (4, 3, 2) which is on our list of exceptional cases. For 1 ≤ k ≤ 9, the number of 2-powers among the missing first row bar lengths forced by the 2-power bar lengths in µ as in the previous arguments, quickly shows in each case that no further exceptional case occurs. (Note that one might also use Hanson's result to exclude some cases, but the arguments then take slightly longer and are a bit more involved.) Case d = 3. Here Lemma 4.3 yields k ≤ 4d + 1 = 13. For the discussion of this case, again we do not assume that n ≥ 29. In this situation, we have two types of bar partitions to discuss, namely type I: λ = (λ 1 , λ 2 , 3) and type II: λ = (λ 1 , λ 2 , 2, 1). Type I: λ = (λ 1 , λ 2 , 3) . Again, we consider the missing first row bar lengths; here these are n, n − 1, n − 2; n − 4, . . . , n − 3 − k (when k > 0) n − 5 − k, n − 6 − k; n − 10 − k and n − 11 − 2k. Note that n ≥ 12 + 2k. When k = 0, the bar lengths in µ are (with multiplicities) 7, 4, 3 , and thus we must have at least four 2-powers among the missing first row bar lengths. But then there must be at least four 2-powers among either the numbers n, n − 2, n − 4, n − 6, n − 8 or among the numbers n − 1, n − 5, n − 9, n − 13, n − 17, and this is impossible. The cases k = 4, 5, 6, 7 can be dealt with in an analogous way. For k = 8, 9, 11, 13, Hanson's Theorem gives a large prime divisor in (n − 4) · · · (n − 3 − k) which is bigger than the prime divisors in the bar lengths of µ. For k = 10, µ has the bar lengths 17, 14, 13, 12, 10, 9, 8, 7, 6, 5, 4 
, so we have only 6 bar lengths divisible by a prime ≥ 5. Now using Hanson's Theorem on n, n − 1, n − 2 gives a prime divisor ≥ 5, then (n − 4) . . . (n − 13) has two different prime divisors ≥ 11, but it also has a prime divisor 7 and two factors divisible by 5, and finally n − 15, n − 16 has a further prime divisor ≥ 5, a contradiction. For k = 12, a similar argument is used. Type II: λ = (λ 1 , λ 2 , 2, 1). Here indeed we get the exceptional example (4, 3, 2, 1) for k = 0. For k > 0, in a tedious case-by-case analysis using similar arguments as above all cases can be handled and no further exceptional cases occur. Case d = 4. Lemma 4.3 gives k ≤ 4d + 1 = 17. Here, we have again two types of bar partitions to discuss, namely type I: λ = (λ 1 , λ 2 , 4) and type II: λ = (λ 1 , λ 2 , 3, 1).
As above, a tedious case-by-case analysis using again Hanson's Theorem and sometimes also the requirement of first row bar lengths to be 2-powers allows to deal with all cases, and no new exceptional cases occur. Thus the Theorem is proved.
